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Abstract 
We survey C,-theory from the point of view provided by the following question: when can a 
topological space be embedded into C,(X), w h ere X belongs to a given class of spaces? The 
question turns out to have interesting links to many general and concrete situations. In particular, we 
discuss from this position t-, and l-equivalences, continuous extenders, a theorem of Grothendieck, 
and the topological structure of compact subspaces of C,(X), where X is LindelGf. Many open 
problems, arising naturally under this approach, are presented, some of them new. Some results in 
the paper are also formulated for the first time, in particular, Theorems 2.29, 2.30, 2.38, 3.24, 5.3, 
5.24, 5.25 and Corollaries 2.28, 3.23. 0 1998 Elsevier Science B.V. 
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1. Introduction 
All spaces under consideration are assumed to be Tychonoff topological spaces. If 
X is a space, C,(X) is the space of all real-valued continuous functions on X in the 
topology of pointwise convergence. The general problem we consider can be formulated 
as follows: 
General Question 1.1. Given a class P of topological spaces, and a space Y, when can 
Y be topologically embedded into C,(X) for some X E P? 
I believe, this is an important question, since it is relevant to many other situations 
and questions in General Topology, as we are now going to demonstrate. 
First, let us note, that if P is the class of all Tychonoff spaces, then every space Y can 
be embedded into C,(X) for some X in P. Indeed, if X is a sufficiently large discrete 
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space, then Y is homeomorphic to a subspace of Rx = C,(X). Therefore, Tychonoff’ 
Embedding Theorem is a result in the direction of General Question 1.1. 
The next question is a special version of General Question 1.1: 
Question 1.2. Given spaces X and Y, when can C,(Y) be embedded into C,(X)? 
For example, if f : X -+ Y is a continuous mapping of a space X onto a space Y, 
then C,(Y) homeomorphically embeds into C,(X) by the mapping f* dual to f [5]. 
Therefore, if C,(Y) is homeomorphic to a subspace of C,(X), we may think of Y as a 
generalized continuous image of X; we say in this case that Y is a t-image of X. 
Now the next question naturally arises: 
Question 1.3. Which topological properties preserved by continuous mappings onto are 
also preserved by the operation of taking a t-image of a space? 
In this direction, it is not difficult to show that separability and countable network- 
weight are such properties. 
To appreciate how much more general the notion of a t-image is than the notion of a 
continuous image, let us turn to continuous extenders. 
Let Y be a subspace of a space X, and let f be a continuous real-valued function 
on Y. When can f be extended to a continuous real-valued function on the whole of 
X? It is well known that if Y is closed in X, and X is normal, then this is the case. 
But what if we want to extend the whole family of continuous functions on Y to X in 
some synchronous way-for example, preserving the closure operation? Recall, that a 
mapping 4 of C,(Y) into C,(X) ( w h ere Y is a subspace of X) is said to be a continuous 
extender (from Y to X), if the restriction of 4(g) to Y coincides with g, for every g 
in C,(Y), and the mapping 4 is continuous [3]. For a continuous extender from Y to 
X to exist, it is no longer sufficient for X to be normal and for Y to be closed in 
X. To see it, one can take X to be Stone-tech compactification p(N) of the discrete 
space N of natural numbers, and Y the remainder of N in ,0(N). Now, the following 
assertion, easy to prove, shows how continuous extenders are related to Questions 1.1 
and 1.2. 
Proposition 1.4 [3]. If 4 is a continuous extenderfrom Y to X, then C,(Y) is homeo- 
morphic to the subspace 4(C,(Y)) ofCP(X) under the mapping 4. 
Let us say that a subspace Y is t-embedded into a space X, if there is a continuous 
extender from Y to X. Thus, if Y is t-embedded into X, then Y is a t-image of X. 
When is a subspace Y t-embedded into a space X? If Y is a retract of X, then it is 
obvious how to define a canonical continuous extender 4 from Y to X. Moreover, this 
extender is not only continuous, but also preserves operations: it is linear and 4(g,gz) = 
4(gl)#(gz). We say that Y is l-embedded into X, if there exists a linear continuous 
extender from Y to X (not necessarily multiplicative). Clearly, it is natural to consider 
l-embedded and t-embedded subspaces of a space as generalized retracts of this space. 
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But this generalization of the notion of a retract is really very far reaching; we can see 
it from the following results. 
Theorem 1.5 (J. Dugundji [21]). Evev closed subspace of a metrizable space X is l- 
embedded into X. 
This theorem was extended to stratifiable spaces by C. Borges [ 151. Thus, we have: 
Corollary 1.6. For every closed subspace Y of a stratijiable space X, C,(Y) embeds 
homeomorphically into C,(X), that is, Y is a t-image of X. 
The next result may be considered as a part of folklore (see [3]): 
Theorem 1.7. Every compact metrizable subspace Y of any space X is l-embedded 
into X. 
It is important to note that though the restrictions on Y in this theorem are much 
stronger than the restrictions on Y in Dugindji’s Theorem 1.5, no restrictions at all are 
imposed on the larger space X. 
Particularly important special cases of the notion of t-image are those of t-equivalence 
and l-equivalence. Spaces X and Y are called t-equivalent (l-equivalent) if the spaces 
C,(X) and C,(Y) are homeomorphic (linearly homeomorphic). Topological proper- 
ties which are preserved by t-equivalence and I-equivalence are called t-invariants and 
I-invariants, respectively. Many important results on t-invariants and I-invariants are 
known; (see [3,7]). Below we discuss some recent results and open problems in this 
direction. 
Working on General Question 1.1, we obviously have to pay special attention to the 
next question: when has C,(X) a certain hereditary topological property &? Duality 
theorems involving such properties & can be particularly important (see [3]). 
Finally, a deep result, belonging to the realm of General Question 1.1, is a famous 
theorem of Grothendieck [ 181, which in its simplest form states that if A is a subset of 
C,(X) which is countably compact in C,,(X), and X is countably compact, then the 
closure of A in C,(X) is compact. 
For example, it follows from Grothendieck’s Theorem that the well-known Mrowka- 
Isbell space @ cannot be embedded into C,(X) for any countably compact space X. 
An amazing fact is that Grothendieck’s Theorem remains valid far beyond the class of 
countably compact spaces. We present here some old and new results in this direction, 
clarifying the nature of Grothendieck’s Theorem. In particular, it turns out to be instructive 
to consider, when C,(X) satisfies Grothendieck’s Theorem hereditarily, and we find that 
the answer to this question strongly depends on the tightness type properties of compacta 
which can be embedded into C,(X), 
In all directions of general C,-embedding problem discussed in this introduction, we 
present a survey of results and open problems. Of course, the survey is not complete; it 
reflects the tastes of the author. 
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2. Embeddings into C,(X), where X E P 
In this section, we concentrate on the General Question 1.1, including a special version 
of it: 
General Question 2.1. When does C,(X) belong to a certain hereditary class (J of 
spaces? 
Hardly astonishing, in the case when P is the class of all compact spaces, information 
we possess is much more satisfactory than in any other nontrivial case. Still, even in the 
case of compact spaces we do not know the answer to many natural questions. 
Here are two basic results in the direction of General Question 2.1 for the case of 
compact spaces. 
Theorem 2.2 [5]. If X is compact, then the tightness of C,(X) is countable. 
Theorem 2.3 [.5]. If X is compact, then C,(X) is monolithic. 
Recall that C,(X) is monolithic (w-monolithic), if for every (countable) A c X, the 
network-weight of the closure of A in X does not exceed the cardinality of A. 
It follows that if X is compact then every separable subspace of C,(X) has a countable 
network, and every separable compact subspace of C,(X) is metrizable. In particular, the 
arrow space cannot be embedded into C,(X) for any compact space X. Observe that 
monolithicity and countable tightness are both hereditary properties, so Theorems 2.2 
and 2.3 establish very clear barriers for embeddings of spaces into C,(X) where X is 
compact. 
Let us note that C,(X) does not have to be a sequential space when X is compact. 
Indeed, for a compact X, C,(X) is sequential if and only if X is scattered (see [.5]). 
Thus, if X is compact, then the topology of C,(X) is determined by countable subsets 
of C,(X) but not necessarily by convergent sequences. On the other hand, not every 
countable subset can be embedded into C,(X) for a compact X: even the simplest 
countable nonmetrizable Frechet-Urysohn space with one nonisolated point, obtained by 
identifying limit points in the free topological sum of an infinite countable family of 
convergent sequences cannot be embedded like that. The reason for that is provided by 
the next result [9]: 
Theorem 2.4. If X is compact, then C,(X) has countable fan-tightness. 
We say that a space Y has countable fan-tightness, if for any point x E Y and any 
countable family {A,: n E w} such that z E A, for each rz E w, it is possible to select 
finite sets K, c A,, so that x E U{Kn: n E w}. 
At the moment, it is far from clear, which countable spaces can be embedded into 
C,(X) for a compact X (clearly, we may fix X to be the Cantor set). Some interesting 
results in this direction were obtained by V.V. Uspenskij [42]. 
A relevant result belongs by E.G. Pytkeev [36]: 
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Theorem 2.5. If X is compact, and Y is a subspace of C,(X), then Y is Frechet- 
Urysohn if and only if Y is a h-space. 
An important special version of General Question 1.1 is the next problem: 
General Question 2.6. Given a class P of spaces, which compacta can be embedded 
into C,(X) for some X E P? 
A satisfactory answer is known when P itself consists of all compacta: compact sub- 
spaces of C,(X), where X is compact, are called Eberlein compacta; various construc- 
tive characterizations of Eberlein compacta are available (see [5]), and many important 
properties of Eberlein compacta were established. But not much is known apart from 
that. In particular, almost nothing is known in the direction of the following very natural 
problem: 
Question 2.7. Characterize compact subspaces of C,(X) where X is any Lindelof space. 
In connection with this question, we have to mention the next basic duality theorem [5]: 
Theorem 2.8. The tightness of C,(X) zs countable if and only if X” is Lindelof for 
every n E w. 
It follows that, for example, if X is the arrow space, then the tightness of C,(X) 
is uncountable. Thus, since the arrow space is Lindelof, we see that Theorem 2.2 does 
not generalize to all Lindelijf spaces. Nevertheless, we might expect that compact parts 
of C,(X), where X is Lindelof, should have much better structure than the whole of 
C,(X) (as is definitely the case when X is compact). Probably, the simplest conjecture 
in line with this reasoning would be the following one (see [S]): 
Conjecture 2.9. If F is a compact subspace of C,(X), where X is Lindelbf, then the 
tightness of Y is countable. 
Note, that if X is separable (even without being Lindeliif), then all compact subspaces 
of C,(X) are metrizable. This follows from the next obvious assertion: 
Proposition 2.10. If Y is a dense subspace of X, then every compact subspace of C,(X) 
embeds topologically into C,(Y). 
Therefore, all compact subspaces of C,(X), where X is the arrow space, are metriz- 
able. Under (PFA) (Proper Forcing Axiom), Conjecture 2.9 was shown to be true [5]. 
The proof was based on the following ZFC result: if the space WI + 1 of ordinals can be 
embedded into C,(X), then X contains a closed uncountable discrete subspace. 
But I expect Conjecture 2.9 to be true in ZFC. 
In fact, it was shown in [5], that, under (PFA), if X is Lindelof, then every compact 
subspace F of C,(X) is sequential. This stronger conclusion one cannot expect to be 
true in ZFC. Indeed, under V = L, there exists an infinite compact space X such that 
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Xn is hereditarily separable for every n E w, while there are no nontrivial convergent 
sequences in X [23]. Then, according to the Velichko-Zenor Theorem, C,(X) is hered- 
itarily Lindelof. By the evaluation mapping, X embeds topologically into C,(Y), where 
Y = C,(X). 
On the other hand, as, for example, we shall see in the last section in connection 
with Grothendieck’s Theorem, sometimes it is important to know whether all compact 
subspaces of C,(X) are Frechet-Urysohn or not. Now the next question, probably new, 
comes naturally. 
Question 2.11. Is it consistent with ZFC that, for any Lindelijf space X, all compact 
subspaces of C,(X) are Frtchet-Urysohn? 
In particular, it is not clear whether the one point compacti$cution of the Mrowka-Zsbell 
space !P (see [21,5]) can be embedded into C,(X), where X is Lindeliif. 
Note, that all Eberlein compacta are Frechet-Urysohn. The next result [5] specifies 
some sufficient conditions for a compact space to be Frtchet-Urysohn. 
Proposition 2.12. Every w-monolithic compact space of countable tightness is Fr&het- 
Utysohn. 
Therefore, the next question: 
Question 2.13. When are all compact subspaces of C,(X) w-monolithic? 
By Theorem 2.3, this is the case when X is compact. As it is clear from the ex- 
ample discussed after Proposition 2.10, this cannot be the case in ZFC for all Lindelof 
X. Nevertheless, an interesting consistency result in this direction was established by 
O.G. Okunev [30]. By (MA+ -CH) we denote Martin’s Axiom combined with the nega- 
tion of the Continuum Hypothesis. The next assertion is an easy corollary of Okunev’s 
result in [30]. 
Theorem 2.14. (MA f SH) rf Xn is Lindeliif; for each n E w, then every compact 
subspace of C,(X) is ti-monolithic. 
Corollary 2.15. (MA + -CH) If X n is Lindel$ for each n E w, then every compact 
subspace of C,(X) is Fr&het-Urysohn. 
Now, the following questions are self-suggesting. 
Question 2.16. Is it true under (MA + -CH) that if X is Lindelof, then every compact 
subspace of C,(X) is ti-monolithic? Is Frechet-Urysohn? 
The next result of Reznichenko [5] should be noted in connection with Okunev’s 
Theorem. 
Theorem 2.17. (MA + -CH) If X is compact, and C,(X) is Lindeltii then C,(X) is 
w-monolithic. 
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This theorem would become a corollary of Theorem 2.14 (just apply the evaluation 
mapping), if we could prove the following well-known conjecture [4]: 
Conjecture 2.18. Zf X is compact, and C,(X) is Lindelof then C,(X) x C,(X) is also 
Lindelof 
It is quite probable, that Conjecture 2.18 holds even when the compactness restriction 
on X is dropped. 
In connection with Question 2.11 and Corollary 2.15 it should be noted that if we 
we adopt a stronger assumption that X is a Lindelof C-space, then our expectations 
about compact subsets of C,(X) come to be true. Indeed, if X is a Lindelof C-space, 
then every compact subspuce F of C,(X) . IS a Gul’ko compactum; in particular; F is 
monolithic and Fre’chet-Urysohn. 
Now we would like to say a few words about a generalization of the class of Lindeliif 
C-spaces, which seems to be important. A Lindelof space X is said to be w-stable, if 
every continuous image Y of X such that Y has a Gs-diagonal, has a countable network. 
It was shown in [12], that the o-product of any family of Lindelof C-spaces is Lindelof 
(in every3nite power) and w-stable. From this result the next theorem follows easily: 
Theorem 2.19. If Y is any subspace of the product of any family of Lindelof C-spaces 
which contains the u-product of this family, then any compact subspace of C,(Y) is 
Fre’rhet-Urysohn and w-monolithic. 
Can one generalize this result to any Lindelof w-stable space? Note that if X is a 
Lindelof w-stable space, then C,(X) is w-monolithic [5]. This leads us to the following 
questions: 
Question 2.20. Let X be a Lindelof w-stable space. Is then X” Lindelof for each n E w? 
Is X x X Lindelbf? 
The next question stands better chances to get a positive answer than the previous one: 
Question 2.21. Let X be a Lindelof w-stable space, and let F be a compact subspace 
of C,(X). Is it then true that the tightness of F is countable? 
Note that if the answer to the last question is positive, then all compact subspaces of 
C,(X), where X is a Lindelof w-stable space, are Frtchet-Urysohn. 
Of course, one of the most natural questions to consider, in the spirit of General 
Question 1.1, is the next one: 
Question 2.22. When are all compact subspaces of C,(X) metrizable? 
A stronger version of this question, involving Lindelof spaces, may be formulated as 
follows: 
Question 2.23. When has every Lindelof subspace of C,(X) a countable network? 
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Here are some results in this direction 
Theorem 2.24 (0. Sipacheva [40], M. Sakai [38]). IfX is a separable linearly ordered 
compact space, then every Lindelof ssubspace of C,(X) has a countable network. 
From Theorem 2.24 it follows that not every perfectly normal compact space F can be 
embedded into C,(X), for some Lindelofspace X (Sipacheva, Sakai). Indeed, invoking 
evaluation mapping, we easily conclude from Theorem 2.24 that the double arrow space 
(which is a linearly ordered hereditarily separable perfectly normal compacturn) cannot 
be embedded into C,(X), for any Lindelof space X. 
There is an interesting C,-question, related to the famous Nickiel’s conjecture: 
J. Nickiel’s Conjecture 2.25. Every monotonically normal compact space can be rep- 
resented as a continuous image of a linearly ordered compactum. 
If this conjecture is true, then C,(Y), for every monotonically normal compacturn Y, 
embeds into C,(X), for some linearly ordered compact space X. 
Question 2.26. Is every monotonically normal compacturn Y a t-image of a linearly 
ordered compacturn X? 
Note three partial results: 
Theorem 2.27. If Y is a separable monotonically normal compactum, such that C,(Y) 
is Lindelox then Y is metrizable. 
Proof. Indeed, Y is a continuous image of a linearly ordered compacturn X (see [37]). 
Therefore, C,(Y) embeds into C,(X), and it remains to apply Theorem 2.24. •I 
Corollary 2.28. Every monotonically normal compactum X, such that C,(X) is Lin- 
delox is w-monolithic. 
Theorem 2.29. If X is a monotonically normal compactum, such that the spread of 
C,(X) is countable (that is, all discrete subspaces of C,(X) are countable), then X is 
metrizable. 
Proof. Since X is compact, C,(X) is w-monolithic. Therefore, C*(X) is hereditarily 
Lindelof (see [5]). By Velichko-Zenor’s result, it follows that X is (hereditarily) separable 
(see [5,44,46]). It remains to apply Theorem 2.27. 0 
Now let us mention a few old results, involving Souslin number and dyadic compacta, 
and formulate more open problems. 
Theorem 2.30 [5]. rf X is compact, then the Souslin number of X is countable if and 
only ifall compact subspaces of C,(X) are metrizable. 
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Theorem 2.31 [5]. If X is a dyadic compactum, then every Lindelofsubspace of C,(X) 
has a countable network. 
A space X is said to be kd-separable, if it contains a dense subspace Y, which is 
the union of a countable family of dyadic compacta. A simple, but important result: the 
product of any family of kd-separable spaces is a kd-separable space. In particular, the 
product of any family of separable metrizable spaces is a kd-separable space. 
Now, we have the following assertion which generalizes a theorem of V.V. Tka- 
chuk [41]. 
Theorem 2.32. If a space X is kd-separable, then every compact subspace F of C,(X) 
is metrizable. 
In fact, it was observed by O.G. Okunev, that Theorem 2.32 remains true for kc- 
separable spaces, that is, for any space X containing a dense subspace which is the 
union of a countable family of compacta with the countable Souslin number. 
The following questions remain open. 
Question 2.33. Let X be a hereditarily Lindelof space, and let F be a compact subspace 
of C,(X). Is then F hereditarily separable, or at least separable? Is then the spread of 
F countable? 
Question 2.34. Let X be a hereditarily Lindeliif space, and let F be a compact subspace 
of C,(X). Is then the tightness of F countable? 
We may ask similar questions, assuming X to be a space of the countable spread. The 
answer is also unknown. 
Question 2.35. Is it true that if X is Lindelof then every separable compact subspace 
of C,(X) is hereditarily separable? What if we assume X to be hereditarily Lindelof? 
Recall that a condensation is a one-to-one continuous mapping of one space onto 
another. Since condensations of compact spaces are homeomorphisms, the next problems 
are closely related to Questions 2.33-2.35. 
Question 2.36. Let X be a Lindelof space. Is then true that C,(X) condenses onto a 
space of countable tightness? What if X is hereditarily Lindelof? 
Question 2.37. Let X be a hereditarily Lindelof space. Is it then true that C,(X) con- 
denses onto a hereditarily separable space? 
Note that if X” is hereditarily Lindelof for each n E w, then C,(X) itself is hereditarily 
separable, according to Velichko-Zenor’s Theorem (see [5,44,46]). 
In conclusion of this section, we want to mention another curious property of subspaces 
of C,(X) for a compact X. Recall that a space Y is called linearly Lindeliif, if every 
18 A. V Arhangel Skii / Topology and its Applications 85 (I 998) 9-33 
open covering of Y which is a chain contains a countable subcovering of Y. A tantalizing 
open problem, going back to Mary Ellen Rudin, is whether every normal linearly Lindeliif 
space is Lindel@ Of course, if a counterexample exists, then the space is a Dowker space, 
since every linearly Lindelof countably paracompact space is LindelM. On the other hand, 
it is not very difficult to construct examples of linearly Lindelof spaces which are not 
Lindelof. Here is a C,-result, related to the problem. 
Theorem 2.38. If X is compact, then every linearly Lindel$ subspace Y of C,(X) is 
Lindel$ 
Proof. Since Y is linearly Lindelof, every closed discrete subspace of the space Y is 
countable. Therefore, according to Baturov’s Theorem [14], Y is Lindelof. q 
One might wonder, whether the situation described in Theorem 2.38 arises because, 
for a compact X, every subspace Y of C,(X) is countably paracompact? This is not 
the case, since every Eberlein compactum X such that X x X is hereditarily countably 
paracompact is metrizable. Indeed, such X has to be perfectly normal, according to 
Zenor’s Theorem in [45]. Since every Eberlein compacturn with the countable Souslin 
number is metrizable [5], the conclusion follows. But what is the answer to the next 
question, is not so clear. 
Question 2.39. Is it true that if X is compact, then every normal subspace Y of C,(X) 
is countably paracompact? 
3. On t-invariants, I-invariants, and t-images 
In recent years, many interesting results on t-invariants were established. Reasonably 
complete surveys of those were given in [3,7], so here we concentrate mostly on some 
outstanding recent results in this direction, and on open problems. 
A trivial observation: whenever we have a t-invariant, it is reasonable to ask, whether 
this invariant is, in fact, preserved by t-images. 
One of the first facts in the theory of t-invariants and t-images is an unfortunate one: 
Gul’ko and Hmyleva have established that compactness is not t-invariant, and therefore, 
is not preserved, in general, by t-images [20]. Indeed, they have established that the real 
line and the closed unit interval are t-equivalent. This makes especially important the 
next “positive” result of O.G. Okunev [29]: 
Theorem 3.1. I’X is u-compact, then every t-image of X is a-compact. 
This result is based on a curious characterization of a-compactness, given by 
Okunev [29]: 
Theorem 3.2. A space Y is u-compact if and only if it is a t-image of a compact space 
X (that is, C,(Y) embeds into C,(X)). 
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For example, it follows from Theorem 3.1, that Cp(ww) is not homeomorphic to any 
subspace of C,(2w). 
Okunev obtained several results in the direction of Theorem 3.1: here is one of them: 
Theorem 3.3. Every t-image of a Lindeliif C-space is a Lindeliif C-space. 
Theorems 3.2 and 3.3 suggest the following question: 
Question 3.4. Is the t-image of a Lindelijf space a Lindeliif space? 
Even the following is not known: 
Question 3.5. Is the class of Lindeliif spaces preserved by t-equivalence? 
Question 3.5 is, probably, one of the most interesting open problems in the theory of 
t-equivalence. So far, the best result in this direction was obtained by N.V. Velichko [43]: 
Theorem 3.6. The class of Lindeliif spaces is preserved by l-equivalence. 
Of course, l-equivalence is much stronger relation than t-equivalence; for example, 
compactness is preserved by l-equivalence [5]. A very curious feature of Theorem 3.6 is 
that Velichko proved it only in the countable case; he did not prove it for the Lindeliif 
degree of a space in general. Thus, the following problem remains unsolved: 
Question 3.7. Is the Lindelijf degree of X preserved by I-equivalence? By t-equiva- 
lence? 
There are several other important situations where a result on I-equivalence was ob- 
tained (very often, with a considerable effort), while the corresponding result on t- 
equivalence remains unavailable. In particular, recently R. Pol has constructed a beautiful 
example of an infinite compact metrizable space X such that X is not Z-equivalent o the 
free topological sum of X with itself [34], that is, C,(X) is not linearly homeomorphic 
to Cp(X) x C,(X). Pol has also shown that there is an infinite metrizable space X such 
that C,(X) is not uniformly homeomorphic to C,(X) x C,(X), that is, X and X x (0, 1) 
are not u-equivalent. This solves two problems from [4], but the next question remains 
open: 
Question 3.8. Is there an infinite metrizable (compact) space X such that C,(X) is not 
homeomorphic to C,(X) x C,(X), that is, X is not t-equivalent to X x (0, l}? 
W. Marciszewski [25] has recently solved another difficult problem from [4]: 
Theorem 3.9. There is an injkite compact space X such that there is no continuous 
linear surjection from the function space C,(X) onto C,(X) x R. In particular; for this 
space X, C,(X) and C,(X) x R are not linearly homeomorphic. 
Here is a “geometric” reformulation of the second assertion in Theorem 3.9: 
20 A.V Arhangel’skii / Topology and its Applications 8.5 (1998) 9-33 
Corollary 3.10. There is an injinite compact space X such that the space X” which is 
obtained, when we add one new isolated point to X, is not l-equivalent to X. 
The space X in Corollary 3.10 cannot be metrizable, since every space X, which 
contains a nontrivial convergent sequence, is l-equivalent to X* [3]. The space X in 
Corollary 3.10 can be chosen to have a countable dense set of isolated points. Even the 
fact that in this situation X* need not be homeomorphic to X is a little bit strange, 
though such examples were already known. The next question remains open: 
Question 3.11. Let X be an infinite space. Is then C,(X) homeomorphic to C,(X) x Iw? 
What if X is compact? 
One of the best results in C,-theory is the next result of V.G. Pestov [33]: 
Theorem 3.12. ZfX and Y are Z-equivalent, then dim(X) = dim(Y). 
It should be emphasized that no restrictions whatsoever on X and Y are imposed in 
Theorem 3.12: they are just any Tychonoff spaces. By definition, dim(X) is dim@(X)), 
for any X. Pestov’s Theorem was generalized by S.P. Gul’ko to the case of uniform 
homeomorphisms [ 191: 
Theorem 3.13. If uniform spaces C,(X) and C,(Y) are uniformly homeomorphic, then 
dim(X) = dim(Y). 
On the other hand, the next questions, involving t-equivalence, are open: 
Question 3.14. Are the spaces 2” and I t-equivalent? 
Here 2” is the Cantor space, and I is the closed unit interval. 
Question 3.15. Are the spaces I and I x I t-equivalent? Are the spaces I and I” t- 
equivalent? 
By Pestov’s Theorem 3.12, if we ask similar questions with “t-equivalent” replaced 
by “l-equivalent”, then the answer is negative. Questions 3.14 and 3.15 are charming 
satellites of the following general problem: 
Question 3.16. Let X and Y be any two t-equivalent spaces. Is it then true that 
dim(X) = dim(Y)? What if we assume that X and Y are compact? What if X and 
Y are metrizable and compact? 
Of course, no nice behavior of the dimension with respect to t-images should be 
expected, since continuous (even quotient) mappings can increase dimension and can 
decrease it. 
Recently, a series of very interesting results on preservation of certain cardinal invari- 
ants under t-images was obtained by O.G. Okunev [31]. He has proved the following 
assertions. 
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Theorem 3.17. Let Y be a t-image of X. Then: 
(a) if X is hereditarily Lindelof then Y is hereditarily LindeloJ 
(b) ifX is hereditarily separable, then Y is hereditarily separable; 
(c) if the spread of X is countable, then the spread of Y is countable; 
(d) if for some n E w, X” has one of the properties mentioned in (a), (b), and (c), 
then Yn has the same property. 
This theorem easily generalizes from the countable case to arbitrary cardinals. It is also 
worthwhile to note that Okunev does not prove his theorem by means of an appropriate 
duality theorem, characterizing hereditary Lindelofness of X by a topological property of 
X, no such characterization is established or formulated. On the other hand, Theorem 3.17 
strongly suggests that such a characterization might be possible. So, we formulate the 
next problems: 
Problem 3.18. Characterize hereditary Lindelofness of X by a well formulated topolog- 
ical property of C,(X) 
Problem 3.19. Characterize spread of X by a topological invariant of C,(X). 
Problem 3.20. Characterize hereditary density of X by a topological property of C,(X). 
Let us say that a space X is dually Lindelof, if C,(X) is Lindelof. If Y is a t-image of a 
dually Lindelof space, then Y is called weakly dually Lindelof. Clearly, every continuous 
image of a dually Lindelofspace is a weakly dually Lindelofspace. Also, if a space Y is 
a continuous image of a compact dually Lindelof space, then Y itself is dually Lindelof 
Which spaces are weakly dually Lindelof? The answer to this question is far from clear. 
Partly, this is so because we do not have a convenient characterization of dually Lindelof 
spaces. We know, of course, that if X is dually Lindelof, then the tightness of X is 
countable [5]. But this does not help much, since every space can be represented as a 
continuous image of a space of countable tightness (of a discrete one). 
Hence, the following problem: 
Problem 3.21. Characterize weakly dually Lindelijf spaces. 
There are two related results which are (small) steps in this direction. 
Theorem 3.22 [6]. If X is weakly dually Lindelof then the ordinal space WI + 1 cannot 
be embedded into C,(X). 
By an almost obvious argument with continuous extenders (see [3]), we obtain from 
Theorem 3.22 the next 
Corollary 3.23. If X is weakly dually Lindelof then every discrete family of nonempty 
open subsets of X is countable. 
22 A. R Arhangel ‘skii / Topology and its Applications 85 (1998) 9-33 
Theorem 3.24 [6]. (PFA) If X is weakly dually Lindel$ then for each compact sub- 
space F of C,(X), the tightness of F is countable. 
Observe that from Theorem 3.22 it is clear that any uncountable discrete space is not 
weakly dually Lindelof. Thus, not all spaces are weakly dually Lindelof. Now, every 
compact space X satisfies the condition that all compact subspaces of C,(X) are count- 
ably tight [.5]. Therefore, all compacta satisfy the conclusion in Theorem 3.22. Hence, it 
is natural to ask the next question: 
Question 3.25. Is every compact space weakly dually Lindeliif? 
The next question shows in the opposite direction. 
Question 3.26. Is the tightness of every compact weakly dually Lindelof space count- 
able? 
In general, the tightness of a weakly dually Lindelof space need not be countable. 
Indeed, the C-product X of wi closed unit intervals is dually Lindelof (see [5]), while 
it is easy to construct a continuous image Y of X, such that the tightness of Y is not 
countable (identify a point in X with a point of the product which is not in X). 
The next question, related to Theorem 3.24, asked by Okunev, remains unsolved: 
Question 3.27. Is it true in ZFC, that if C,(X) is Lindelbf, then, for each compact 
subspace F of C,(X), the tightness of F is countable? 
Note, that if C,(X) is a Lindeliif C-space, then each compact subspace of C,(X) is 
a Gul ‘ko compactum, therefore, Frtfchet-Urysohn and monolithic [5]. 
4. C,-embeddings and continuous extenders 
There are two very natural questions which come to mind as soon as one gets in touch 
with the notion of extender. When every closed subspace of a space X is t-embedded 
(l-embedded) into X? If this is the case, we call X t-extendial (I-extendial). When Y 
is t-embedded (l-embedded) into every larger space X? In this case, we say that Y is 
t-extra1 (I-extral). 
The largest well-known class of Z-extendial spaces is the class of stratifiable spaces 
(see [15]). Though the class of stratifiable spaces includes all metrizable spaces, it does 
not include all compact spaces and all countable spaces. This naturally lead to the question 
whether all countable spaces are I-extendial or, at least, t-extendial. A strong negative 
answer to this question was given by van Mill and Pol [27]. Another elegant argument 
providing an answer to this question was recently presented by W. Marciszewski [26]. 
This argument, briefly, runs as follows. First, there is a countable space Y such that C,(Y) 
is analytic (that is, a continuous image of irrationals) and non-Borel. Then Marciszewski 
shows that this space Y embeds as a closed subspace into a countable space X such 
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that C,(X) is an absolute F,&-set. It is clear now that C,(Y) cannot be embedded into 
C,(X) as a closed subspace. Therefore, there is no continuous extender from Y to X. 
As a part of his construction, Marciszewski obtains an interesting auxiliary result, 
which is in the line with the first section of this survey: 
Theorem 4.1. A countable space X can be embedded into CP(ww) if and only if C,(X) 
is analytic. 
Here ww is the usual space of inationals. In this connection, note also a result from [ 161: 
Theorem 4.2. Let X be a compact space. Then for every countable subspace Y of 
C,(X), C,(Y) is an absolute F,s-set. 
The one-point compactification A(w,) of a discrete space of cardinality WI can serve 
as an example of a nonmetrizable l-extendial compacturn. Indeed, every subspace of 
A(wl) is obviously a retract of A(wl). On the other hand, the next three results were 
announced in [lo]: 
Theorem 4.3. (MA + 1CH) If X is a t-extendial fech-complete space and the Souslin 
number of X is countable, then X is hereditarily separable. 
Theorem 4.4. (MA + -CH) If X x X is a t-extendial compactum such that c(X) < w, 
then X is metrizable. 
Theorem 4.5. A compact space X is metrizable if and only if it is t-extendial and 
1-extral. 
Note that the last result does not depend on (MA + %H). Theorem 4.5 gives rise to 
an interesting open question: 
Question 4.6. Let X be a t-extendial and t-extra1 compact space. Is then X metrizable? 
In the theory of t-images, we might try to generalize the theory of dyadic compacta 
introducing t-images of Generalized Cantor’s Discontinua. Let us call a space Y almost t- 
dyadic (almost 1-dyadic), if C,(Y) topologically embeds (linearly topologically embeds) 
into C,(P) for some cardinal number T. 
General Problem 4.7. Find out, what part of the theory of dyadic compacta generalizes 
to the case of almost t-dyadic compacta (to the case of almost 1-dyadic compacta). 
Some results related to this question, are contained in [ 10,l 11. 
The space D’ is a closed subspace of I’. It is only too natural to ask whether D’ 
is l-embedded or, at least, t-embedded in I’. Clearly, the answer is “yes”, when r is a 
finite natural number or w, since in this case I’ is metrizable and D’ is closed in I’. 
And what if T is uncountable? Here we come across one of the most interesting open 
problems. First, a positive result. The following was established in [l 11: 
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Theorem 4.8. For any uncountable cardinal r, D’ is not l-embedded in I’. 
The proof of this result is based on the following general assertion, which is interesting 
in itself [l 11: 
Proposition 4.9. For any cardinals r and X and any linear continuous mapping f of 
C,(D’) into C&(1’), the subspace f(C,(D’)) of C,(I’) has a countable network. 
Corollary 4.10. For any uncountable cardinal r, D’ is not an l-image of I’. 
Theorem 4.8 follows from the last assertion. 
Question 4.11. Is D”’ t-embedded into I““? 
This is the intriguing question referred to above. The answer “yes” would follow, if 
we could prove the version of Proposition 4.9, in which the word “linear” is dropped. 
Question 4.12. Is D”’ a t-image of I““? 
Question 4.13. Let f be a continuous mapping of C,(D”‘) into C,(P). Is then true 
that the subspace f(C,(D"' )) of C,(P) has a countable network? 
A few interesting (and not very well known) problems are concerned with homoge- 
neous spaces. A topological space X is said to be homogeneous, if for any two points x 
and 9 of X there is a homeomorphism h of X onto X, such that h(x) = y. 
Every compact space is a retract of a a-compact homogeneous space [28], while not 
every compact space is a retract of a homogeneous compact space. This was established 
by D. Motorov, who has shown, in fact, that there is a metrizable compactum which 
cannot be represented as a retract of a homogeneous compact space (see [2]). On the other 
hand, each metrizable compactum is automatically l-embedded in any compact space 
containing it as a subspace. Note, that every Tychonoff space embeds into a homogeneous 
compact space. These observations lead us to the next questions: 
Question 4.14. Is it true that every compact space can be l-embedded (t-embedded) 
in a homogeneous compact space? Is this so for the one-point compactification of an 
uncountable discrete space D(T)? What if the cardinality of D(r) is greater than 2”? 
Question 4.15. Is it true that every compact space is an l-image (a t-image) of a compact 
homogeneous space? 
If the answer to the last question is “yes”, then there is a homogeneous compact space 
X such that the Souslin number of X is greater than 2”. Indeed, if a compact space Y 
is a t-image of a compact space X, then the Souslin number of Y is not greater than 
the Souslin number of X; this follows from the characterization of the Souslin number 
c(X) of a compact space X as the supremum of the weights of compacta contained in 
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C,(X) [5]. Thus, the positive answer to Question 4.15 would solve the famous problem 
of E. van Douwen (see [2]), concerning the Souslin number of homogeneous compacta 
(whether it can be greater, than 2”). 
Finally, we wish to draw attention to the next versions of the universal space problem 
which naturally involve l-embeddings and t-embeddings. 
Let T be an infinite cardinal number. According to Tychonoff’s Theorem, every com- 
pact space Y of the weight not exceeding r can be embedded into IT as a closed subspace. 
Can we always choose this embedding to be an Z-embedding or a t-embedding? The an- 
swer is obviously “no”, since the density of a t-embedded subspace never exceeds the 
density of the whole space (see [3]). Can we replace I’ in Tychonoff’s Theorem with 
another compactum of the weight T, which will be universal in a stronger sense, that 
is, for which the embeddings can be always chosen to be l-embeddings or, at least, 
t-embeddings? In other words, we have the following very interesting problem: 
Question 4.16. Let T be an infinite cardinal number. Is then true that there exists a 
compact space B(r) of weight r such that every compact space of weight not exceeding 
T can be I-embedded (t-embedded) in B(r)? 
Note, that when T = w, the answer is “yes”, according to Dugundji’s Theorem. For 
any uncountable r, including r = ~1, the question is open. 
Much more general is the next question: 
Question 4.17. Let r be an infinite cardinal number. Is there a compact space H(r) of 
weight r such that every compact space Y of weight not greater than r is an I-image 
(a t-image) of H(r)? 
For WI, the positive answer to this question under CH is a corollary from 
Parovichenko’s Theorem [32]: every compact space of weight WI is a continuous im- 
age of the Stone-tech remainder of the discrete space w. It follows from results in [22], 
that under GCH the answer to Question 4.17 is positive. 
5. Extensions of Grothendieck’s Theorem, and properties of compact subspaces of 
Here is the simplest version of Grothendieck’s Theorem [ 181: 
Theorem 5.1. If X is compact, and A is a subset of C,(X) which is countably compact 
in C,(X), that is, for every injinite subset M of A there is an accumulation point in 
C,(X), then the closure of A in C,(X) is compact. 
In this section, we discuss briefly, how far beyond the class of compact spaces Theo- 
rem 5.1 can be extended, and, primarily, on which other properties of X and C,(X) this 
extension depends. In particular, we find out that the topological structure of compact 
subspaces of C,(X) is of crucial importance. 
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But first of all, we give a new proof of Theorem 5.1, based on a recent result of 
A. Dow et al. [17]. 
Recall that a space X is said to be meta-Lindelofif every open covering of X can be 
refined with a point-countable open covering. Several people (in particular, S.P Gul’ko 
and V.V. Tkachuk) have asked, whether C,(X) is meta-Lindelbf for every compact 
space X. Recently A. Dow, H. Junnila, and J. Pelant have given a negative answer to 
this question [17]. But they also have shown that the answer is “yes” in an important 
particular case. They have proved the following theorem: 
Theorem 5.2. For every compact space X of weight at most ~1, each subspace Y of 
the space C,(X) is meta-Lindeloi 
Let us now show how to prove Theorem 5.1 with the help of Theorem 5.2. Our first 
step is the next result which generalizes Theorem 5.2 and follows easily from it: 
Theorem 5.3. For every initially wl-compact space X, every subspace Y of C,(X) 
such that the density of Y is not greater than WI, is (hereditarily) meta-Lindeloj? 
Proof. Let M be a dense subspace of Y such that [MI < wi, and let f be the standard 
diagonal product of the family M of mappings. Then f is a closed continuous mapping 
of X onto a compact space 2 of weight at most wi, and the image of C,(Z) under 
the mapping dual to f is a closed subspace L of C,(X) such that M c L and L is 
homeomorphic to C,(Z) [5]. It follows from Theorem 5.2, that C,(Z), L, and M are 
hereditarily meta-Lindeliif spaces. 0 
An alternative proof of Theorem 5.1. Let Y = U{B: B c A, IBI < w}. Since A is 
countably compact in C,(X), B is pseudocompact, for every subset B of A. On the other 
hand, ?? has a countable network, for every countable subset B of C,(X), since C,(X) 
is monolithic [5]. It is well known, that each pseudocompact space with a countable 
network is compact and metrizable. From this, it follows easily that, for each countable 
subset B of Y, the closure of B in Y is compact (and metrizable). In particular, Y is 
countably compact. 
Now, let M be any subset of Y such that (M 1 < ~1. Let us show that the closure F 
of M in Y is compact. Indeed, F is countably compact, as a closed subspace of Y, and 
F is meta-Lindeliif, by Theorem 5.3. It follows, that F is compact [21]. 
Recall, that tightness of C,(X) is countable [5]. Thus, Y is an w-bounded, initially 
wi-compact space of countable tightness. It follows (see Proposition 6 in [S]), that Y is 
compact. Since A c Y c 2, Y = 2, that is, the closure of A in C,(X) is compact. 0 
This new proof of Grothendieck’s Theorem, probably, is not more elementary than the 
original one, but, unlike the original proof, it illuminates some general reasons that force 
Grothendieck’s Theorem to be true. 
Let us now present a general device which allows to extend Grothendieck’s Theorem 
to very large classes of spaces. 
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It turns out that one of the key questions to ask is the next one: when does every 
subspace of C,(X) satisfy th e conclusion of Grothendieck s Theorem? 
We say that X is a g-space, if for every subset A of X such that A is countably compact 
in X, the closure of A in X is compact. If the closure of every pseudocompact subspace 
of X is compact, we call X a pc-space. A space X will be called a Grothendieck space 
(a weakly Grothendieck space), if C,(X) IS a hereditary g-space (a g-space). 
A simple example of a weakly Grothendieck space, which is not Grothendieck, is an 
uncountable discrete space. On the other hand, eve? compact space is a Grothendieck 
space-we provide general reasons for that below. Every separable space, or more gen- 
erally, every space, containing a dense o-compact subspace, is also Grothendieck [5]. 
Why the notion of a hereditary g-space should be important, one can see from the 
next self evident assertion: 
Theorem 5.4. Every continuous image of a Grothendieck space is Grothendieck. 
Indeed, eve51 t-image of a Grothendieck space is obviously a Grothendieck space. 
The next result is a key lemma in the study of the structure of Grothendieck spaces. 
Lemma 5.5. A g-space X is a hereditary g-space tfand only if every compact subspace 
of C,(X) is Fre’chet-Urysohn. 
Some results, closely related to Lemma 5.5, one can find in [35], where the notion 
of angelic space is introduced and studied. This notion turns out to be equivalent to the 
notion of hereditary g-space. 
From Lemma 5.5 we get our basic result, specifying the difference between weakly 
Grothendieck spaces and Grothendieck spaces in terms of C,-embeddings. 
Theorem 5.6. A weakly Grothendieck space X is a Grothendieck space if and only if 
every compact subspace of C,(X) is Frechet-Urysohn. 
So the question, when all compact subspaces of CP(X) are countably tight, turns out 
to be particularly important for our plans to extend Grothendieck Theorem. 
To discover weakly Grothendieck spaces, we often may rely on the next very general 
construction (see [l] and [35]). 
Let y be a family of subspaces of a space X. We say that y R-generates the space X 
(strongly R-generates X), if for each discontinuous real-valued function f on X there is 
Y E y such that the restriction of f to Y cannot be extended to a continuous real-valued 
function on X (the restriction of f to Y is a discontinuous function on the space Y). 
For example, if X is a space of countable tightness, then X is strongly R-generated 
by the family of all countable subspaces of X. If X is a k-space, then X is strongly 
R-generated by the family of all compact subspaces of X. 
Theorem 5.7. If X is strongly R-generated by a jtimily y of subspaces of X each of 
which is a weakly Grothendieck space, then X is a weakly Grothendieck space. 
With the help of Theorems 5.6 and 5.7, the next result is easily established: 
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Theorem 5.8. Every Lindeliif C-space X is a Grothendieck space. 
Proof. Indeed, there is a Lindeliif p-space 2 such that X is a continuous image of 
2 [13]. Since 2 is a p-space, 2 is a /c-space [13]. Therefore, by Theorems 5.1 and 5.7, 
2 is weakly Grothendieck. Every LindelGf p-space is w-stable [ 131. Hence, C,(Z) is w- 
monolithic [5]. For each n E w, 2” is LindelGf [ 131. Therefore, the tightness of C,(Z) 
is countable. It follows that every compact subspace of C,(Z) is Frkchet-Urysohn. Now 
Theorem 5.6 implies that 2 is a Grothendieck space. Then, by Theorem 5.4, X is a 
Grothendieck space. q 
The argument above actually demonstrates that the next general theorem holds: 
Theorem 5.9. If X” is LindeltiJ for each n E w, and X is w-stable and weakly 
Grothendieck, then X is a Grothendieck space. 
Corollary 5.10. Zf X” is Lindel$ for each n E w, and X is w-stable and a k-space, 
then X is Grothendieck. 
Clearly, in the assertion above, we may replace the condition that X is a &space by 
the weaker assumption that X is a IcR-space, or by the assumption that the tightness of 
X is countable. On the other hand, it is not clear if all the conditions in Corollary 5.10 
are essential. 
Question 5.11. Assume that X is a k-space (a space of countable tightness) such that 
Xn is Lindeliif, for each n E w. Is then X a Grothendieck space? 
Note that under (MA + +ZH) the answer is “yes”; this can be easily proved with the 
help of results of Okunev in [30]. 
Question 5.12. Let X be a first countable Lindeliif space. Is then the space X 
Grothendieck? 
Observe in connection with Corollary 5.10, that not every w-stable space X such that 
Xn is Lindelef, for each n E w, is weakly Grothendieck. As an example can serve the 
one-point LindelGfication L(wl ) of a discrete space of cardinality WI (see [5]). 
Some very interesting open questions about Grothendieck spaces are concerned with 
products. First of all, the product of two weakly Grothendieck spaces need not be a 
weakly Grothendieck space. To see this, it suffices to consider the product of the countable 
sequential fan S, with the sequential fan S, of cardinality 2”. 
Question 5.13. Is the product of two Grothendieck spaces a weakly Grothendieck space? 
A Grothendieck space? 
Question 5.14. Let X be a weakly Grothendieck space, and Y a compact space. Is then 
X x Y weakly Grothendieck? What if Y is the closed unit interval of the real line? 
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Question 5.15. Let X be a Grothendieck space, and Y a compact space. Is then X x Y 
Grothendieck? Weakly Grothendieck? What if Y = I? 
Perhaps, one of the most interesting questions in this series is the next one: 
Question 5.16. Let X and Y be Grothendieck spaces. Is then the free topological sum 
of X and Y a Grothendieck space? 
Note, that the free topological sum of any family of weakly Grothendieck spaces is 
a weakly Grothendieck space, as it is very easy to see. Therefore, to get the positive 
answer to Question 5.16, it would have been enough to answer positively the following 
question: 
Question 5.17. Let X and Y be Grothendieck spaces, F a compact subspace of C,(X), 
and H a compact subspace of C,(Y). Is then true that the product space F x H is 
Frechet-Urysohn? 
To give to this question a better formulation, we introduce the following notion. 
A space Y will be called co-Grothendieck, if Y embeds into C,(X), for some Grot- 
hendieck space X. Then the question is whether the product of two co-Grothendieck 
compacta is Frechet-Urysohn. Of course, every co-Grothendieck compacturn is Frechet- 
Urysohn, but, unfortunately, the product of two Frechet-Urysohn compacta need not be 
Frechet-Urysohn [39]. 
The next question is related in an obvious way to the previous ones. 
Question 5.18. Is the product of a Grothendieck space with a countable space a 
Grothendieck space? A weakly Grothendieck space? 
The questions above on Grothendieck spaces generate a series of questions on compact 
subspaces of C,(X), which are very interesting not only because of their connection to 
the study of Grothendieck spaces, but also in itself. 
Question 5.19. Let X be a space such that every compact subspace of C,(X) is count- 
ably tight (is Frechet-Urysohn), and F a compact space. Is it then true that all compact 
subspaces of C,(X x F) are countably tight (are Frechet-Urysohn?) 
We may reformulate this question in more general terms. 
Question 5.20. Let P be a class of compact spaces, containing all Eberlein compacta, 
and X a space such that each compact subspace of C,(X) belongs to P. Is it then true 
that for every compact space F, each compact subspace of C,(X x F) belongs to P? 
In particular, one might consider the cases, when P is the class of Eberlein compacta, 
the class of Corson compacta, the class of Talagrand compacta, and the class of Gul’ko 
compacta. 
Note a partial result in the direction of Question 5.19: 
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Theorem 5.21. Let X be a space such that all compact subspaces of C,(X) are count- 
ably tight, and Y a separable space. Then every compact subspace of C,(X x Y) is 
countably tight. 
Proof. It is easy to reduce the assertion to the case when Y is countable and discrete. 
Then everything boils down to Malychin’s Theorem that the product of any countable 
family of countably tight compacta is a countably tight compacturn [24]. 0 
Very often to a product problem corresponds a more general perfect preimage problem. 
For example, in our situation we have: 
Question 5.22. Is a perfect preimage of a weakly Grothendieck space a weakly 
Grothendieck space? 
Question 5.23. Is a perfect preimage of a Grothendieck space a Grothendieck space? 
Similar questions to the ones posed above can be formulated for weakly pc- 
Grothendieck spaces and for Grothendieck spaces. We leave this to the reader; let us 
just mention that these questions are not less interesting. 
Let us mention one more sufficient condition for X to be a Grothendieck space. By 
u(Y) we denote the Hewitt realcompactification of a space Y (see [21]). 
Theorem 5.24. Zj’v(C,(X)) is a Lindelof C-space (in particular; if C,(X) is a Lindelof 
C-space), then X is a Grothendieck space. 
Proof. By Theorem 4.95 in [5], u(X) is also a Lindelijf C-space. Therefore, according 
to Theorem 5.8, v(X) is a Grothendieck space. By a simple standard argument, this 
implies (see [ 1,5]), that X is a Grothendieck space. 0 
It might be interesting to study, when a space X is a (weakly) Grothendieck space 
hereditarily, that is, when every subspace of X is a (weakly) Grothendieck space. Clearly, 
if tightness of X is countable, then X is hereditarily weakly Grothendieck. A partial 
converse to this assertion is also true: 
Theorem 5.25. A compact space X is hereditarily weakly Grothendieck if and only if 
the tightness of X is countable. 
The next assertion is easy to prove: 
Proposition 5.26. Every hereditarily separable space is hereditarily Grothendieck. 
Is the converse true? That is, we have the following question: 
Question 5.27. Is every hereditarily Grothendieck space hereditarily separable? 
Note in this connection the next obvious fact: 
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Proposition 5.28. If X is hereditarily Grothendieck, then the spread of X is countable, 
that is, every discrete subspace of X is countable. 
In conclusion, we present a result and a couple of questions, concerning perfectly 
normal compacta. 
Theorem 5.29. (CH) If X is a perfectly normal compactum, then C,(X) is hereditarily 
meta-Lindel$ 
Proof. Indeed, if the Continuum Hypothesis holds, then we may apply Theorem 5.2. 0 
Question 5.30. Is it true in ZFC, that for each perfectly normal compactum X, C,(X) 
is (hereditarily) meta-Lindeliif? 
Question 5.31. Is every perfectly normal compactum hereditarily Grothendieck? 
Question 5.32. Is there in ZFC a nonseparable space X of countable tightness such that 
for every subspace Y of X, each compact subspace of C,(Y) is metrizable? 
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